Abstract. We introduce the notion of intertwined quantum phase transitions (IQPTs), for which a crossing of two configurations coexists with a pronounced shape-evolution of each configuration. A detailed analysis in the framework of the interacting boson model with configuration mixing, provides evidence for this scenario in the Zr isotopes. The latter exhibit a normal configuration which remains spherical along the chain, but exchanges roles with an intruder configuration, which undergoes first a spherical to prolate-deformed [U(5)→SU(3)] QPT and then a crossover to γ-unstable [SU(3)→SO(6)].
Quantum phase transitions (QPTs) are qualitative changes in the properties of a physical system, induced by a variation of parameters that appear in the quantum Hamiltonian. In nuclear physics, most of the attention in the study of QPTs, has been devoted to shape phase transitions in a single configuration, described by a single Hamiltonian,Ĥ = (1 − ξ)Ĥ 1 + ξĤ 2 , where ξ is the control parameter. As ξ changes from 0 to 1, the eigenvalues of the system change from those ofĤ 1 to those ofĤ 2 . For sake of clarity, we denote these phase transitions Type I. The latter have been observed in the neutron number 90 region, e.g., for Nd-Sm-Gd isotopes [1] .
A different type of phase transitions occurs when two (or more) configurations coexist [2] . In this case, the quantum Hamiltonian has a matrix form with entries: H A (ξ A ),Ĥ B (ξ B ),Ŵ(ω), where the indices A, B denote the two configurations andŴ denotes their coupling. We call for sake of clarity these phase transitions Type II [3] , to distinguish them from those of a single configuration. Type II QPTs have been observed in nuclei near shell closure, e.g., in the light Pb-Hg isotopes [4] , albeit with strong mixing between the two configurations. In the present contribution, we explore a situation where in parallel to the crossing, each configuration maintains its purity and its own shape-evolution with nucleon number. We refer to such a scenario as intertwined quantum phase transitions (IQPTs) in the sense that Type I and Type II coexist, and show empirical evidence for it in the Zr chain [5] .
The 40 Zr isotopes have been recently the subject of several experimental [6] [7] [8] [9] [10] and theoretical investigations, including mean-field based methods [11] [12] [13] and the Monte-Carlo shell-model (MCSM) [14] . We adapt here the algebraic approach of the Interacting Boson Model (IBM) [15] , with bosons representing valence nucleon pairs counted from the nearest closed shells. This provides a simple tractable framework, where phases of quadrupole shapes: spherical, prolate-deformed and γ-unstable correspond to U(5), SU(3) and SO(6) dynamical symmetries.
To be specific, we use the configuration mixing model (IBM-CM) of [16] , and write the Hamiltonian not in matrix form, but rather in the equivalent form represents the socalled intruder (N + 2 boson space) configuration, which we have assumed, as in [17] where a similar calculation was done for the 42 Mo isotopes, to be a proton excitation across the subshell closure at proton number 40 (see Fig. 1 of [17] ). The explicit form of these Hamiltonians iŝ
where the quadrupole operator is defined asQ 
with a 2 + b 2 = 1. By employing the IBM-CM framework described above, we have calculated the spectra and other observables of the entire chain of Zr isotopes, from neutron number 52 to 70. The values of the Hamiltonian parameters, obtained by a global fit to energy and E2 data, are shown in Fig. 1 . It should be noted that beyond the middle of the shell, at neutron number 66, bosons are replaced by boson holes [15] . Apart from some fluctuations due to the subshell closure at neutron number 56 (the filling of the 2d 5/2 orbital), the values of the parameters are a smooth function of neutron number and, in some cases, a constant. A notable exception is the sharp decrease by 1 MeV of the energy off-set parameter ∆ p beyond neutron number 56. Such a behavior was observed for the Mo and Ge chains [17, 18] and, as noted in [17] , it reflects the effects of the isoscalar residual interaction between protons and neutrons occupying the partner orbitals 1g 9/2 and 1g 7/2 , which is the established mechanism for descending cross shell-gap excitations and onset of deformation in this region [19, 20] . The E2 operator readŝ
andQ χ is the same operator as in the Hamiltonian (2) . Here e (A) = 0.9 and e (B) = 2.24 (W.u.) 1/2 are the boson effective charges.
In Fig. 2 we show a comparison between experimental and calculated levels. One can see here a rather complex structure. In the region between neutron number 50 and 56, there appear to be two configurations, one spherical (seniority-like), (A), and one weakly deformed, (B), as evidenced by the ratio R 4/2 , which is at 52-56, R Comparison between (a) experimental [8, 21] and (b) calculated energy levels 0 number 90 [15] . Beyond neutron number 60, the intruder configuration (B) is strongly deformed, as evidenced by the small value of the excitation energy of the state 2 [8] , a signature of the SO(6) symmetry. In this region, the ground state configuration undergoes a crossover from SU(3) to SO (6) .
The above spectral analysis signals the presence of coexisting Type I and Type II QPTs, which is the defining property of IQPTs. In order to understand the nature of these phase transitions, one needs to study the behavior of the order parameters. The latter are given by QPT, and, finally, there is a decrease at neutron number 66, due in part to the crossover from SU(3) to SO(6) and in part to the shift from boson particles to boson holes after the middle of the major shell 50-82. n d 0 + 1 is close to n d A for neutron number 52-58 and coincides with n d B above 60, indicating a high degree of purity and small configuration-mixing, with the exception of a narrow transition region. Indeed, the ground state wave function (3) has a 2 = 98.2%, b 2 = 87.2% and b 2 = 99.9% for 98 Zr, 100 Zr and 102 Zr, respectively. These conclusions are stressed by an analysis of other observables, in particular, the B(E2) values. As shown in Fig. 3(b) , the calculated B(E2)'s agree with the empirical values and follow the same trends as the respective order parameters.
Further evidence can be obtained from an analysis of the isotope shift ∆ r In the IBM-CM the latter is given by r 2 = r
], where r 2 c is the square radius of the closed shell, N v is half the number of valence particles, and η is a coefficient that takes into account the effect of deformation [15, 24] . ∆ r should increase at the transition point and decrease and, as seen in Fig. 3(c) , it does so, although the error bars are large and no data are available beyond neutron number 60. Similarly, the two-neutron separation energies S 2n can be written as [15] ,
is the contribution of the deformation, obtained by the expectation value of the Hamiltonian in the ground state 0 + 1 . The + sign applies to particles and the − sign to holes, and ∆ n takes into account the neutron subshell closure at 56, ∆ n = 0 for 50-56 and ∆ n = 2 MeV for 58-70. The value of ∆ n is taken from Table XII of [25] andÃ = −16.5,B = 0.758 MeV are determined by a fit to binding energies of 92, 94, 96 Zr. The calculated S 2n , shown in Fig. 3(d) , displays a complex behavior. Between neutron number 52 and 56 it is a straight line, as the ground state is spherical (seniority-like) configuration (A). After 56, it first goes down due to the subshell closure at 56, then it flattens as expected from a 1 st order Type I QPT (see, for example the same situation in the 62 Sm isotopes [15] ). After 62, it goes down again due to the increasing of deformation and finally it flattens as expected from a crossover from SU(3) to SO (6) .
We note that our calculations describe the experimental data in the entire range 92−110 Zr very well. Here we show only two examples, 100 Zr and 110 Zr. 100 Zr is near the critical point of both Type I and Type II QPT and yet our description of energy levels and B(E2) values is excellent, Fig. 4(a)-(b) . The ground state band, configuration (B), appears to have features of the so-called X(5) symmetry [26] , while the spherical configuration (A) has now become the excited band 0
110 Zr, Fig. 4(c)-(d) , appears instead to be an excellent example of SO(6) symmetry [15] , although few experimental data are available. In general, the current results resemble those obtained in the MCSM [14] , however, there are some noticeable differences. Specifically, U (5) U ( 98 Zr and 100 Zr, typical of a 1 st order QPT. This is in contrast with mean-field based calculations [11] [12] [13] , which due to their character smooth out the phase transitional behavior, and show no such jump at the critical point of the QPT (see Fig. 2 of [10] ). The observed peak in B(E2; 2 104 Zr, is reproduced here but not by the MCSM. 75(4) 67 (7) 103 (9) 140 (30) 124 (13) 124 (15) 131 (15) The algebraic approach allows both a quantum and a classical analysis of QPTs. Classical potential surfaces are obtained by the method of matrix-coherent-states [3] . As seen in Fig. 5 
